We introduce a generalization of Atiyah-Drinfeld-Hitchin-Manin linear algebraic data and a generalization of Atiyah-Drinfeld-Hitchin-Manin equation, which are subsequently used to construct all framed instanton bundles on complex projective spaces. Using geometric invariant theory, we prove that the moduli spaces of framed instanton sheaves is a quiasiprojective variety. We also provided a link between the generalized ADHM data introduced here and certain representaions of quivers.
Introduction
An unexpected connection between theoretical physics and algebraic geometry appeared in the late 1970's, when Atiyah, Drinfeld, Hitchin and Manin provided a complete classification of instantons on the 4-dimensional sphere S 4 using the Penrose-Ward correspondence between instantons on S 4 and certain holomorphic vector bundles on P 3 together with a characterization of vector bundles on P 3 due to Horrocks [3] . Nowadays, such link between theoretical physics and algebraic geometry can be found many forms, perhaps the most prominent of which is the so-called Hitchin-Kobayashi correspondence. Later, Donaldson noticed in [9] that instantons on S 4 where also in correspondence with framed holomorphic bundles on P 2 , while Mamone Capria and Salamon [17] generalized the Penrose-Ward correspondence to a correspondence between quaternionic instantons on HP k and certain holomorphic vector bundles on P 2k+1 .
Motivated by these works, Okonek and Spindler introduced the notion of mathematical instanton bundles on P 2k+1 [20] . Since then, such objects have atracted the attention of many authors, see for instance [2, 6, 21] and the references therein. More recently, the author has proposed in [13] a generalization of mathematical instanton bundles. An instanton sheaf on P n (n ≥ 2) is a torsion-free coherent sheaf E on P n with c 1 (E) = 0 satisfying the following cohomological conditions:
(i) for n ≥ 2, H 0 (E(−1)) = H n (E(−n)) = 0;
(ii) for n ≥ 3, H 1 (E(−2)) = H n−1 (E(1 − n)) = 0;
(iii) for n ≥ 4, H p (E(k)) = 0, 2 ≤ p ≤ n − 2 and ∀k;
The integer c = −χ(E(−1)) = h 1 (E(−1)) is called the charge of E.
Moreover, a torsion-free sheaf E on P n is said to be of trivial splitting type if there is a line ℓ ⊂ P n such that the restriction E| ℓ is the free sheaf, i.e. E| ℓ ≃ O ⊕rkE ℓ
. Notice that any torsion-free sheaf of trivial splitting type automatically satisfies condtion (i) above.
A framing on E is the choice of an isomorphism φ :
. A framed sheaf is pair (E, φ) consisting of a torsion-free sheaf E of trivial splitting type and a framing φ.
With these definitions in mind, a mathematical instanton bundle in the sense of [2, 20] is a rank 2k locally-free instanton sheaf on P 2k+1 of trivial splitting type.
The goal of this paper is to present a construction of all framed torsionfree instanton sheaves on P n by generalizing the ADHM construction of framed torsion-free sheaves on P 2 [9, 18] and on P 3 [11] , which is a generalization of the construction of instantons [3, 9] . In this way, we provide for a large family of explicit examples of the general instanton sheaves introduced in [13] , and an explicit parametrization of the moduli space of framed intanton sheaves via matrices. In particular, we prove:
Main Theorem. The moduli space of isomorphism classes of rank r framed instanton sheaves of charge c on P n is a quasi-projective variety, non-empty if
More is known to be true in the case n = 2: the moduli space of rank r framed torsion-free sheaves on P 2 is a non-singular, irreducible quasi-projective variety of dimension 2rc, which also admits a hyperkähler structure. We also point out that the best general result on the moduli space of instanton sheaves previously available in the literature was that the moduli space of rank 2k locally free instanton sheaves on P 2k+1 is an affine variety [7] ; see [13] for a short survey of known results on the moduli space of (unframed) instanton bundles. Our construction provides a new tool in the study of the moduli spaces of framed and unframed instanton sheaves of arbitrary rank over general projective spaces, which hopefully will allow us to better understand properties, like irreducibility and smoothness, of these moduli spaces.
The paper is organized as follows. First, in Sections 2 and 3 we define the relevant set of ADHM matrices necessary to perform the construction of framed instanton sheaves. In particular, we introduce a generalization of the celebrated ADHM equation, which we call the d-dimensional ADHM equation. Section 4 is devoted to the construction of the moduli space of stable solutions of the d-dimensional ADHM equation. There we also point out interesting relations between the theory here developped and the representation theory of quivers. More precisely, we prove that stable ADHM data correspond to stable twisted representations of quivers (see [12] ) in the categories of vector spaces and of coherent sheaves on P n . The ADHM construction of framed instanton sheaves is performed in Section 6, providing a 1-1 correspondence between stable solutions of the d-dimensional ADHM equation and framed torsion-free intanton sheaves on P d+2 and completing the proof of our main result. Finally, in Section 7, we
give a geometrical interpretation of the non- 
ADHM data
We start by collecting some well-known results that will be useful later on. Let V and W be complex vector spaces, with dimensions c and r, respectively, and consider maps B 1 , B 2 ∈ End(V ), i ∈ Hom(W, V ) and j ∈ Hom(V, W ). This so-called ADHM datum (B 1 , B 2 , i, j) is said to be:
and i(W ) ⊂ S;
2. costable, if there is no proper subspace S ⊂ V such that B k (S) ⊂ S (k = 1, 2) and S ⊂ ker j;
3. regular, if it is both stable and costable.
Alternatively, we may regard (B 1 , B 2 , i, j) as a point in the following complex vector space:
on which the group G = GL(V ) acts in a natural way:
Proposition 1. The stabilizer subgroup G X is trivial if and only if X is stable. , 2) and gi = i. The former implies that ker(g − and it is easy to check that
Finally, recall the ADHM equation is given by
3 d-dimensional ADHM data
As above, let V and W be complex vector spaces, with dimensions c and r, respectively; take d ≥ 0. We define a d-dimensional ADHM data as a point of
More precisely, choose homogeneous coordinates [z 0 : · · · :
consider the following data (k = 0, . . . , d and l = 1, 2):
Now define:
These can either be regarded as sections of Hom(V,
). Define also:
Similarly,ĩ can be regarded either as a section of Hom(W,
, while can be regarded either as a section of
can be written in the form (3) and (4) after a choice of basis of
is made. Both points of view will be useful later on.
Fixed a point p ∈ P d , the evaluation map ev p :
C can be tensored with the identity to yield maps ev p :
where A is some complex vector space. For simplicity, we will use the notatioñ
Note thatB l (l = 1, 2) can also be regarded as a map of sheaves
for all a ∈ Z. Therefore, the productsB 1B2 may be thought either as maps The proof will be left to Section 6.
In this paper, we consider the following generalization of the ADHM equation:
For d = 0, (3) and (4) reduce to the usual ADHM data and (5) reduces to the usual ADHM equation. The case d = 1 was considered in [9, 11] equations involving the homomorphisms B lk , i k and j k :
Another important ingredient is the action of G = GL(V ) on B, described as follows (g ∈ G):
Note that
where
and so on. In particular, we have (g ·X)(p) = g ·X(p). Proof. IfL belongs to the orbit G ·X, then there is g ∈ G such thatL = g ·X.
Thus for every
Conversely, ifL(p) belongs to the orbit G·X(p) for every p ∈ P d , then for each
for some a. But det g(p) = 0 for all p ∈ P d , thus a = 0 and g must be constant.
The following alternative characterizations of semistable d-dimensional ADHM data will be very important later on. 
3. the stabilizer subgroup GX is trivial.
In other words, (
To prove (2) ⇒ (3), assume that GX is not trivial, and take g = 1 V in GX .
Since gĩ =ĩ, it follows that S = ker(g − 1 V ) is a proper subset with the desired properties.
Finally, to establish (3) ⇒ (1), assume thatX is not semistable, so for each
Therefore GX is also nontrivial.
We end this section with a complete list of the various possible types of solutions according to r and c. Proof. Let (B 1 , B 2 , i, j) be any stable solution of the usual (d = 0) ADHM equation; it is well-known that these exist for all r, c ≥ 1. Then it is easy to see thatB
An ADHM datum is said to be properly stable if its stable but not semiregular; similarly, an ADHM datum is said to be properly semiregular if it is semiregular but not regular. The proof for the non-existence parts of Propositions 6 and 7 will be given in the end of Section 6. The proof for the existence parts will be given in the end of Section 6.2.
Moduli space of d-dimensional ADHM data
ADHM data. Consider also the map:
is an affine variety, the space of all solutions of
Fix l > 0 and consider the group homomorphism χ : G → C * given by
. This can be used to lift the action of G
and one can form the variety:
is closed for z = 0 if and only ifX is semistable.
It then follows that
Proof. The usual proof of the case d = 0 generalizes to the current framework.
First, let us assume that the orbit G · (X, z) is not closed. Then there is a nontrivial one parameter subgroup λ :
exists but does not belong to the orbit G · (X, z).
Take a weight decomposition of V with respect to λ(t), so that V = ⊕ m V (m). The existence of the limit implies that:
We claim that S is a proper subspace of V , which, by Proposition 4, implies thatX is not semistable. Indeed, the existence of the limit (8) implies that det λ(t) = t N for some N ≤ 0. If N = 0, then actually λ(t) = 1 V and V = V (0), which contradicts the fact that the limit (8) does not belong to the orbit G · (X, z). Hence N < 0, which implies that S is proper, as desired. Conversely, assume thatX is not semistable. Then by Proposition 4 there exists a proper subspace S ⊂ V such that
Taking any subspace T ⊂ V such that V = S ⊕ T , the mapsB l andĩ may be written, with respect to this decomposition, as follows:
Defining the 1 parameter subgroup λ : C * → G:
note that:
It follows thatL = lim t→0 λ(t) ·X exists. Thus
which means that the orbit G · (X, z) is not closed within V × C \ {0}. 
The simplest case (d = 0) is well known, see for instance [18] : M 0 (r, c) is an irreducible, nonsingular, quasi-projective variety of dimension 2rc, and it admits a complete hyperkähler metric. In general, one can also prove that M st d (r, 1) is irreducible and nonsingular, see [11] for the d = 1 case.
d-dimensional ADHM data and representations of quivers
Recall that a quiver Q = (Q 0 , Q 1 ) is simply an oriented graph; Q 0 is the (finite) set of vertices, and Q 1 is the set of arrows. Each arrow a ∈ Q 1 has a tail t(a) ∈ Q 0 and a head h(a) ∈ Q 0 . We are particularly interested in the following quiver, which we call the ADHM quiver:
In this section, we argue that the d-dimensional ADHM data may be regarded as (twisted) representations of the ADHM quiver in two different categories. Moreover, we introduce a notion of stability for representations of quivers following [1, 15] , and show that this is equivalent to the semistability of d-dimensional ADHM data defined above. As usual we denote r = dim W and c = dim V .
Twisted linear representations
Now let M = {M a } a∈Q1 be a collection of C-vector spaces. The following definition is inspired by [12] , suitably modified to fit our framework.
consisting of a collection of C-vector spaces E = {E v } v∈Q0 and a collection of
In the case at hand, set Q to be the ADHM quiver (9) and set the twisting collection M to be simply given by associating the vector space to V and the vertex v 2 to W . The arrows a 1 , . . . , a 4 are then associated to maps of the following form:
Since these are exactly an ADHM data, written in the form (3) and (4) 
As mentioned in [12] , the category of right M-twisted linear representations of a given quiver Q, which we will denote by Rep M (Q), is abelian. Let θ : K 0 (Rep M (Q)) → R be a homomorphism of abelian groups. Following [15] , we introduce the following definition.
Definition. A right M-twisted linear representation R is said to be θ-stable if θ(R) = 0 and every nontrivial sub-representation S ⊂ R satisfies θ(S) < 0.
In the case at hand, we set Q to be the ADHM quiver (9) . For any vector α = (α 1 , α 2 ) ∈ R 2 , we consider the function:
where R = (V, W, φ a1 , . . . , φ a4 ) denotes a right M-twisted linear representation of the ADHM quiver Q as above. Proof. If (B 1 ,B 2 ,ĩ,) is not semistable, there is a proper subspace S ⊂ V such 
Hence R is not θ α -stable.
Conversely, if (B 1 ,B 2 ,ĩ,) is semistable, then every proper subrepresentation of the associated right M-twisted linear representation R must have dimension vector (c, u) for u < r. Thus for every subrepresentation R ′ of R we have
Twisted quiver bundles
Yet another point of view of d-dimensional ADHM data is provided by the concept of twisted quiver bundles [1, 12] . Now let X be a projective variety and M = {M a } a∈Q1 be a collection of locally-free sheaves on X.
Definition. A right M-twisted Q-sheaf Q on a projective variety X is a pair (E, φ) consisting of a collection of coherent sheaves E = {E v } v∈Q0 on X and a collection of sheaf morphisms φ a :
A twisted Q-sheaf Q is called a twisted Q-bundle if the sheaves E v are locally-free for each v ∈ Q 0 .
In the case at hand, set Q to be the ADHM quiver (9) and let X = P d .
The twisting collection M is simply given by associating the line bundle O P 
Once again, we conclude that the set of right M-twisted Q-bundles coincides with the set of d-dimensional ADHM data. More general twisted representations of the ADHM quiver into the category of coherent sheaves on a projective variety are studied in [8] , where the author proves interesting results regarding the construction of their moduli spaces and their connections with string theory.
Definition. Let R = (E, φ) and S = (F, ψ) be two right M-twisted Q-sheaves on X. A map ρ : S → R consists of sheaf maps ρ v : E v → F v such that for each a ∈ Q 1 the following diagram is commutative:
Following [1] we define the slope of a M-twisted Q-sheaf R as follows. Let σ and τ be collections of real numbers {σ v } v∈Q0 and {τ v } v∈Q0 , with σ v > 0.
Define:
In the case at hand, for R being the M-twisted Q-bundle explained above for the ADHM quiver Q, this expression becomes:
where τ = (τ 1 , τ 2 ) and σ = (σ 1 , σ 2 ) with σ 1 , σ 2 > 0. The argument is the same as in Proposition 10 above.
In other words, we have a subrepresentation S of dimension vector (s, r) of the left M-twisted Q-bundle R associated with (B 1 ,B 2 ,ĩ,). It follows that
Hence R is not ( σ, τ )-stable. Conversely, if (B 1 ,B 2 ,ĩ,) is semistable, then every proper subrepresentation of the associated left M-twisted Q-bundle R must have rank vector (c, u) for u < r. Thus for every subrepresentation S of R we have
Hence R is ( σ, τ )-stable.
Construction of framed instanton sheaves
In this section we will see that how to construct framed torsion-free instanton sheaves on P d+2 out of stable solutions of the d-dimensional ADHM equation.
The ADHM construction
Consider the maps of sheaves α and β:
given by:
where [z 0 : · · · : z d : x : y] are regarded as homogeneous coordinates on P n ; set
, called the line at infinity.
Proposition 12. βα = 0 if and only if (B 1 ,B 2 ,ĩ,) satisfies the d-dimensional ADHM equation (5).
The proof is a straightforward calculation left to the reader.
Proposition 13. α X is injective away from a subvariety Σ of codimension at least 2.
Proof. It easy to see that α X is injective for all X ∈ ℓ ∞ . This means that the localized map α X may fail to be injective only at a subvariety Σ ⊂ P n that does not intersect ℓ ∞ , so the result follows.
In particular, α is injective as a sheaf map. The subvariety
is called the degeneration locus of the monad (10).
Remark 14. It follows from Propositions 12 and 13 that, for any solution of the d-dimensional ADHM equation (5), the maps (11) and (12) define a complex of sheaves
which is exact in the first term. We will call this the ADHM complex.
The following is the key result in the monad construction, and further justifies our concept of stability:
Proposition 15. β is surjective if and only if
defines a point p ∈ P d . Since the localized map β P is surjective for all P ∈ ℓ ∞ , it is enough to show that β P is surjective for all P ∈ P n \ ℓ ∞ .
Equivalently, we argue that (B kl , i k , j k ) is stable, if and only if the dual map β * P is injective for all P ∈ P n \ ℓ ∞ .
Indeed, if β * P is not injective for some [z 0 : · · · :
where (5) we can associate a linear monad on P n (see [13] ):
which we will call an ADHM monad. Let us now analyze the properties of its cohomology sheaf. Recall that c = dim V and r = dim W .
Proposition 16. The cohomology sheaf E = ker β/Imα is a rank r torsion-free instanton sheaf on P n , of charge c. Moreover, E| ℓ∞
Proof. The fact that E = ker β/Imα is a rank r torsion-free instanton sheaf on P n of charge c is well-known, and can be found for instance at [13, Section 1]. Just remark that the deneration locus of the ADHM monad (16) has codimension at least 2, by Proposition 13. The restriction of the monad (16) to ℓ ∞ yields the following monad:
Clearly, its cohomology, which coincides with the restriction of E to ℓ ∞ , is just
This concludes the d-dimensional ADHM construction of instanton sheaves on P n . If the ADHM data (B kl , i k , j k ) satisfied one of the more restrictive conditions posed in Definition (3), then more can be said about the cohomology sheaf.
Proposition 17. Let E be the framed instanton sheaf on P n constructed from the fold ADHM datumX.
• ifX is semiregular, then E is reflexive;
• ifX is regular, then E is locally-free.
Proof. From [13, Proposition 4], we know that if the degeneration locus (13) of the monad (16) has codimension at least 3, then the cohomology sheaf is reflexive. For the second statement, it is easy to see from the proof of Proposition (13) that ifX is costable, then α P is injective for all P ∈ P n (i.e α is just a bundle map). It then follows that ifX is regular, then E is locally-free.
Non-existence parts of Propositions 6 and 7. We conclude this section by establishing the non-existence parts of Propositions 6 and 7. To do that, it is important to recall a result due to Fløystad [10, Main Theorem] . The version below is a particular case; Fløystad's original statement has been simplified to fit our needs. 
Theorem 18. The linear monad
0 → O P d+2 (−1) ⊗c → O ⊗r+2c P d+2 → O P d+2 (1) ⊗c → 0
Inverse construction
Now let E be a torsion-free instanton sheaf which is framed at ℓ ∞ = {z 0 = · · · = z d = 0}. We will now see how to obtain the associated stable d-dimensional ADHM datum.
Theorem 20. Every torsion-free instanton sheaf E on P n can be obtained as the cohomology of the linear monad
The proof is a well-known application of the Beilinson spectral sequence, and can be found at [13, Theorem 3] . For locally-free instanton sheaves, Theorem 20 can also be regarded as a particular case of a much more general result originally due to Horrocks, which says that every locally-free sheaf on P n satisfying H p (E(k)) = 0 for 2 ≤ p ≤ n − 2 and all k can be obtained as the cohomology of a monad whose entries are sums of line bundles [4, 14] .
Proposition 21. Let E be a torsion-free instanton sheaf on P n of trivial splitting type. Then there are a natural isomorphisms:
Proof. We argue by induction on n ≥ 2. For n = 2, note that −2) ). Consider the sheaf sequence:
Passing to cohomology, we conclude that
To establish (ii) in the case n = 2, we follow an argument due to Nakajima [18] ; assume that E is the cohomology of the monad (17), thus restricting it to ℓ ∞ , we get:
). Setting K = ker β we have:
from the associated long exact sequence of cohomology we conclude that
Notice that the choice of a basis for W corresponds to the choice of a trivialization for E| ℓ∞ . Similarly, from the sequence
we obtain:
we can rewrite (19) in the following way:
Since E is locally-free on a neighbourhood of ℓ ∞ , we can apply the same argument to the dual monad:
we have the exact sequence:
which implies that α ∞ : V ⊕ V →W is injective. Moreover, the sequence (20) splits, and we can identifyW ≃ V ⊕ V ⊕ W , as desired. Now let ℘ be a hyperplane within P n containing the line ℓ ∞ . The restricted sheaf E| ℘ is also a torsion-free instanton sheaf on P n of trivial splitting type.
If E is the cohomology of the monad (17) , then E| ℘ is the cohomology of the restricted monad:
(21) On the other hand, E| ℘ is also the cohomology of the monad:
(22) By a result of Barth and Hullek [4] , we conclude that there are isomorphisms, depending only on the choice of ℘:
By the induction hypothesis, we also have that for every ℘:
) and
Composing these with the ismorphisms in (23), we conclude that
as desired. Now set V = H 1 (E(−1)) and W = H 0 (E| ℓ∞ ), so that the instanton sheaf E is the cohomology of a monad of the form:
The maps α and β can then be expressed in the following manner:
Clearly, α k ∈ Hom(V,W ) and β k ∈ Hom(W , V ) for each k = 0, . . . , d + 2. The condition βα = 0 then implies that:
It follows that the maps in the restricted monad (18) are then given by α ∞ = α d+1 x + α d+2 y and β ∞ = β d+1 x + β d+2 y. From the proof of Proposition (23), it follows that:
Thus Imα d+1 ∩ ker β d+2 = 0, so that β d+1 α d+2 = −β d+2 α d+1 : V → V are isomorphisms. Therefore we have:
and the condition βα = 0 implies that:
ADHM equation (5) . The surjectivity of β implies the stability of (B kl , i k , j k ), by Proposition 15.
Existence part of Propositions 6 and 7. From the arguments laid out in this Section, we conclude that the existence of stable, semiregular and regular solutions can be deduced from the existence of torsion-free, reflexive and locallyfree instanton sheaves of trivial splitting type. or O ⊕s P 2k+1 , the resulting rank 2k + s locally-free sheaf is still an instanton sheaf of charge c and trivial splitting type. This completes the existence part of Proposition 7.
Since the argument in the proof of [20, Theorem 2.6] can be adapted to establish the existence of properly torsion-free and properly reflexive instanton sheaves on P 2k+1 of rank 2k, charge c and trivial splitting type for every k ≥ 1 and c ≥ 1, the existence part of Proposition 6 can be proved in exactly the same way.
Moduli spaces of framed instanton sheaves
Two rank r framed instanton sheaves (E, φ) and (F, ψ) on P n are said to be isomorphic if there is a sheaf isomorphism Φ : E → F such that the following diagram is commutative:
) are said to be equivalent if there is g ∈ GL(V ) such that:
In other words,X andX ′ are equivalent if and only if they belong to the same
It is therefore easy to see that this equivalence relation preserves both stability and the d-dimensional ADHM equation.
Theorem 23. There is a 1-1 correspondence between the following objects:
• equivalence classes of stable d-dimensional ADHM data of dimension (r, c);
• isomorphism classes of rank r torsion-free instanton sheaves of charge c on P d+2 which are framed at ℓ ∞ .
Proof. It only remains for us to prove that two rank r framed instanton sheaves (E, φ) and (E ′ , φ ′ ) on P n are isomorphic if and only if the corresponding ddimensional ADHM dataX andX ′ are equivalent.
First, assumeX andX ′ are equivalent stable d-dimensional ADHM data of dimension (c, r), so there is g ∈ GL(V ) satisfying (25). Hence it induces an isomorphism of monads
which in turn induces a framed isomorphism between the cohomology sheaves E and E ′ .
Conversely, every isomorphism E → E ′ extends in a unique way to isomorphism between the corresponding monads [4, page 332]. The fact that the isomorphism E → E ′ is framed at ℓ ∞ then forces the isomorphism between the corresponding monads to be given by some g ∈ GL(V ) as in (26).
It follows that the moduli space of isomorphism classes of rank r framed instanton sheaves of charge c on P d+2 can be identified with the variety M d (r, c) constructed in Section 4. In particular, we finally obtain our main result.
Theorem 24. The correspondence of Theorem 23 induces the structure of a quasi-projective variety on F P n (r, c), the moduli space of of isomorphism classes of rank r framed instanton sheaves of charge c on P n ; moreover, F P n (r, c) is non-empty if r ≥ n − 1.
Perverse instanton bundles
We will conclude this paper by providing a geometrical interpretation for the ddimensional solutions of the ADHM equation which are not stable. Indeed, as remarked in the previous Section, given an arbitrary solution of the d-dimensional ADHM equation, one can can form a complex of sheaves as in (14) which, thought as an object of the derived category D b (P d+2 ), is a perverse sheaf with very particular properties.
Definition.
A perverse instanton sheaf on P n (n ≥ 2) of rank r is a complex
(i) H p (E • ) = 0 for p = 0, 1;
(ii) H 0 (E • ) = 0 is a rank r torsion-free sheaf on P n ;
(iii) H 1 (E • ) = 0 is a torsion sheaf on P n ;
(iv) ch(E • ) = (r + 2c) − c · ch(O P n (1)) − c · ch(O P n (−1));
(v) for n ≥ 2, H 0 (H 0 (E • )(−1)) = 0 and H n (H 0 (E • )(−n)) = H n−2 (H 1 (E • )(−n));
(vi) for n ≥ 3, H 1 (H 0 (E • )(−2)) = 0 and H 2 (H 0 (E • )(−2)) = H 0 (H 1 (E • )(−2));
The integer c in (iv) is called the charge of E • .
Notice that if H 1 (E • ) is the zero sheaf, then H 0 (E • ) is a torsion-free sheaf E satisfying the following cohomological conditions:
• for n ≥ 2, H 0 (E(−1)) = H n (E(−n)) = 0;
• for n ≥ 3, H 1 (E(−2)) = H n−1 (E(1 − n)) = 0;
• for n ≥ 4, H p (E(k)) = 0 for all k and 2 ≤ p ≤ n − 2.
In other words, E is a torsion-free instanton sheaf; this justifies our nomenclature, as perverse instanton sheaves are indeed a generalization of instanton sheaves. A perverse instanton sheaf E • is said to be framable at ℓ ∞ if the support of , and a framed perverse instanton sheaf on P n is the pair (E • , φ) consisting of a framable perverse instanton sheaf E • on P n together with a framing φ.
We will now show that given an arbitrary solution (B 1 ,B 2 ,ĩ,) of the ddimensional ADHM equation, the complex E • in (14) is a framed perverse instanton sheaf as defined above. First, note that the injectivity of the map α (see Proposition 13) implies that H −1 (E • ) = 0, thus E • satisfies condition (i).
Now, let us denote E = H 0 (E • ) = ker β/imα and Q = H 1 (E • ) = coker β .
The ADHM complex (14) can be broken down into three short exact sequences:
where K = ker β and B = im α. It is easy to see that the sheaves K and B are torsion-free. To see that E is also torsion-free and Q is torsion, we must argue that the map β is surjective away from a subvariety of codimension at least 2. Indeed, let
Finally, restricting the ADHM complex (14) to ℓ we conclude that E| ℓ ∼ → W ⊗ O ℓ , i.e. E is framed at ℓ, and of trivial splitting type.
It is interesting to note that the first cohomology sheaf E of complexes given by ADHM data which are not stable is never locally-free. Indeed, if E is locally-free, then sequence (29) forces K to be locally-free too, which implies that Q = 0. However, reflexive sheaves do occur.
The case n = 2 of our definition was analyzed by Ben-Zvi and Nevins in [5] , in connection with the usual ADHM construction of framed torsion-free sheaves on P 2 ; they have shown that every framed perverse instanton sheaf on P 2 in the sense above arises from solutions of the 0-dimensional ADHM equation. It is natural to expect that the same is true for higher dimensions: there exists a 1-1 correspondence between solutions of the d-dimensional ADHM equation and framed perverse instanton sheaves, and that the category of framed perverse instanton sheaves is equivalent to the category of twisted linear representations of the ADHM quiver.
